SYMMETRIES IN GENERALIZED KAHLER GEOMETRY 



YI LIN, SUSAN TOLMAN 

ABSTRACT. We define the notion of a moment map and reduction in both 
generalized complex geometry and generalized Kahler geometry. As an 
application, we give very simple explicit constructions of bi-Hermitian 
structures on CP n , Hirzebruch surfaces, the blow up of CP 2 at arbitrarily 
many points, and other toric varieties, as well as complex Grassmanni- 
ans. 



1. Introduction 

Generalized complex structures were introduced by N. Hitchin ]H02|, 
and further developed by Gualtierie ]Gua04|. It contains both symplec- 
tic and complex structures as extremal special cases, and provides a use- 
ful differential geometric context for understanding some recent develop- 
ment in string theory. An associated notion of generalized Kahler structure 
was introduced by Gualtieri [Gua04], who shows that this notion is essen- 
tially equivalent to that of a bi-Hermitian structure, which was first dis- 
covered by physicists (see | GHR84 1 ) studying super-symmetric nonlinear 
cr-models. 

The theory of bi-Hermitian geometry suffered from a lack of interest- 
ing examples. As stated in |AGG99| (see also |AGG05|), an important 
open problem in this field was to determine whether or not there exist 
bi-Hermitian structures on CP 2 , a minimal ruled surface admitting an ef- 
fective anti-canonical divisor, or a complex surface obtained from them by 
blowing up points along an effective anti-canonical divisor. 

Using the deformation theorem he developed for generalized complex 
structure, Gualtieri proved | Gua04 1 that there exists a bi-Hermitian struc- 
ture on CP . More recently, Hitchin | H05 1 used the generalized Kahler geo- 
metric approach to give an explicit construction of a bi-Hermitian structure 
on CP 2 and also on CP 1 x CP 1 . 

For manifolds with symmetries, the related notions of moment maps and 
quotient are important in many geometries. It is an interesting question if 
there exist natural notions of moment maps and quotients in generalized 
complex and Kahler geometries. Some attempts have been made in this di- 
rection. In |Cr04|, Cranic proposed a definition of moment maps in gener- 
alized complex geometry. But it appears that the condition to make his def- 
inition work is rather restrictive. In |H05| Hitchin also presented a quotient 
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construction in generalized Kahler geometry which works for certain inter- 
esting special cases. More recently, we have discovered that several other 
groups are independently working on related projects, including: Bursz- 
tyn, Cavalcanti, and Gualtieri; and Xu Ping. 

In this paper, we define the notions of generalized moment map for a 
compact Lie group action on a generalized complex manifold. Using this 
definition we then define a generalized complex structure on the reduced 
space, which is natural up to transformation by an exact B-field, that is, 
the reduced space has a natural equivalence class of generalized complex 
structures in the sense specified in |H02|. Moreover, we show that the quo- 
tient structure has the same type as the original generalized complex struc- 
ture. In the case that the generalized complex structure is derived from a 
symplectic structure, our definitions agree with the standard definitions of 
moment map and symplectic reduction. Compared with the definition of 
moment maps given in |Cr04|, our approach works in greater generality. 

We then consider the compact Lie group action on a generalized Kahler 
manifolds; in this case, the generalized moment map is simply the gen- 
eralized moment map for the first generalized complex structure. Finally, 
we define a natural generalized Kahler structure on the reduced space, and 
give formulas for the types of this structure. Again, in the case that the 
generalized Kahler structure is derived from a Kahler structure, this agrees 
with the usual Kahler reduction. 

As an application, we give a very simple explicit construction of bi- 
Hermitian structures on CP n , Hirzebruch surfaces, the blow up of CP at 
arbitrarily many points, and other toric varieties, as well as complex Grass- 
mannians. As shown in this paper, in practice our method will give one a 
powerful machinery of producing bi-Hermitian structures on any manifold 
which can be produced as the symplectic quotient of C N . 

The plan of this paper is as follows. 

Section 2 shows that under reasonable assumptions the Courant bracket 
is preserved under restriction and quotient. 

Section 3 defines generalized moment map for a compact Lie group act- 
ing on a generalized complex manifold, and constructs a generalized com- 
plex structure on the reduced space at every regular value. 

Section 4 extends the results of Section 3 to the generalized Kahler case. 
We also discuss the connection between the hyper-Kahler quotient and the 
generalized Kahler quotient. 

Section 5 presents the explicit constructions of bi-Hermitian structures. 

2. The Courant bracket 

Let V be a n dimensional vector space. There is a natural metric of type 
(n, n) on V © V* given by 

(X + a,Y+3) = l(a(Y) + 3(Y)). 
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Given a subspace F c V © V*, let F c V © V* denote the perpendicular 
with respect to this metric. In contrast, if F C V (or V*), let F° C V* (or V) 
denote the annihilator of F. Moreover, let n : Vc © V c — > Vc denote the 
natural projection. 

Let Mbe an dimensional manifold. There is a natural metric of type 
(n, n) on TM © T*M given by 

<X + a,Y+|3> = l( a (Y) + |3(Y)), 

which extends naturally to T C M © T^M = (TM © T*M) © C. 

Given a subbundle F c TM © T*M (or T C M © T*M), let F i cTM© T*M 
or (TcM © T^M) denote the perpendicular of F with respect to the above 
metric. Moreover, let n : TcM© T£M — » TcM denote the natural projection. 

The Courant bracket on T C M © TJM is defined by 

[X + a, Y + |3] = [X, Y] + L x |3 - L Y a - l(di x P - di Y a). 

We will now examine how the Courant bracket behaves under restriction 
and quotient. 

Lemma 2.1. Let Mbe a manifold and let q* be the dual of a vector space g. Given 
a submersion f : M — > 5*, let df C TM © T*M denote the subbundle spanned by 
the differentials df^for £, e fl. Then df^ is closed under the Courant bracket. 

Moreover, the restriction from M to f _1 (0) induces a natural map from df^ C 
T C M © T^M to Tc(f _1 (0)) © T£(f _1 (0)). IfV is a sub-bundle of J C M © T<£M 
which is closed under the Courant bracket, then the image of V n df^ under this 
map is also closed under the Courant bracket. 

Proof. Let X + a and Y + (3 be sections of df ^ . Given any L, € g, by assump- 
tion Lxdf L, = Lydf ^ = 0. Hence by Cartan's Formula 

i [XY] df £ = LxLydf^ - Lyixdf^ + LxLyddf^ - di x i Y df £ = 0. 

Therefore, [X + a, Y + [3] G df ^ . This proves the first claim. 

Finally, if V is closed under the Courant bracket, then V n df^ is also 
closed. Since a straightforward check of the definition shows that map 
induced by restriction preserves the Courant bracket, the second claim is 
obvious. □ 

Lemma 2.2. Let a compact Lie group G act freely on a manifold M, and let qm. C 
TcM © T(£M denote the subbundle spanned by the fundamental vector fields £,m 
for E, is in the Lie algebra QofG. Then the set of G-invariant sections of (£Jm)<c zs 
also closed under the Courant bracket. 

Moreover, the quotient map from M to M/G induces a natural map from the 
set of G-invariant sections o/(0m)c c TcM©T ( £M to the section o/T<c(M/G) © 
T£(M/G). Let V be an G-invariant sub-bundle of TcM © T^M which is closed 
under the Courant bracket. Then the image ofV n (gjvi)c un ^ er this map is also 
closed under the Courant bracket. 
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Proof. Let X + a and Y + (3 be G -invariant sections of (gjvi)c- Given any 
£, <E g, by assumption oc = (3=0. Since X + a and Y + (3 are G 
invariant, [£,m, X] = and L^ M ix|3 =0. Therefore 

^ M L xP = 4tM,x]P+l-x^Mp = ° and L tM dL xP =L tM L X (3 + dL X L tM (3 = 0. 

Similarly i£, M L Y a = i^di^a = 0. Hence, [X + a, Y+ (3] G (gjvOc- 

Finally, if V is closed under the Courant bracket, then V n (0m)c ^ s a ^ so 
closed. Since a straightforward check of the defintion shows that the map 
induced by the quotient map preserves the Courant bracket, the second 
claim is obvious. □ 



3. Generalized complex structures 

A generalized complex structure on a vector space V is an orthogonal 
linear map J": V © V* — > V © V* so that J 2 = —1. Given a generalized 
complex structure J , let L c Vc © V£ be the v 7 — T eigenspace of J. Then L 
is maximal isotropic and L n L = {0}. Conversely, given a maximal isotropic 
L C Vc © V£ so that L n L = {0}, there exists a unique generalized complex 
structure on V whose v 7 — T eigenspace is L. 

Let J" be a generalized complex structure on a vector space V and let 
W = V© V*. If P C W is a ^-invariant subspace, then since J is orthogonal 
there is a restriction map J: P 1 - — > P- 1 . If P is also isotropic, let W = P^/P; 
there is a quotient map J:W^W. Clearly, J 2 = -1, J 2 = -1 and both 
maps are orthogonal. Also, if L is the v 7 — T eigenbundle of J, then L n 
is the v 7 — T eigenbundle of J7", and the image of L n P^ in Wc is the v 7 — T 
eigenbundle of J. Finally, if P = (PnV) © (P n V* ), let V be the quotient of 
(PnV*)° C Vby (PnV); the spaces Wand VffiV* are naturally isomorphic. 
Hence J naturally induces a generalized complex structure J on V. 

The type of J is the codimension of 7t(L) in Vc, where L is the v 7 —!" 
eigenspace of J. Recall that n: Vc © V£ — > Vc is the natural projection.) 
The following lemma will help us compute types. 

Lemma 3.1. Let J be a generalized complex structure on a vector space V, and 
let I. : V- : V'. be its v 7 — T eigenspace. If a subspace R c Vc © V£ satisfies 
J{R) n R = {0}, then 

dim(7t(L HR x n J(R) ± )) = dim(7t(L + R)) - dim(R). 

Proof. Since L is the v 7 — T eigenspace of J, 

LnR 1 nj(R) 1 = LnR 1 . 

Since L n R 1 - n JiR) 1 - is the v 7 — T eigenspace of the restriction of J to R^ n 
JIR^ and J-(R) n R = {0}, 

dimlLnR^n^lR)^) =dimV-dimR. 
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Since is the kernel of n, 

dim(7t(L nR x ))= dim(L nR 1 )- dim(L n R x n V£). 
Finally, since L is maximal isotropic, L = L -1 , and so 

l n R x n v£ = (L + R) x n v£ = tt(l + R)°. 



□ 



Lemma 3.2. Let J be a generalized complex structure on a vector space V. Con- 
sider a subspace Q c V so that J(Q) c V* and so that P = Q®J{Q) C V © V* 
is isotropic. Let J be the natural generalized complex structure on V = J{Q)°/Q. 
Then 



Proof. Let L and L be the v^T eigenspaces of J and J , respectively; let 
7t: Vc © V£ — > Vc and 7t: Vc © V£ — > V c be the natural projections. 

Since Q C V and J{Q) C V*, it is immediately clear that Q c C 7t(L) and 
Q n J{Q) = {0}. Therefore, by Lemma EH1 dim (n(L nQ^n JiQc^)) = 
dim(7t(L))-dim(Q). Moreover, n(Z) is the projection of Tt^LnQ^n^tQc)" 1 ) C 
J(Q)° C to V c = J(Q)g/Qc, so dim(7t(L)) = dim(7t(L nQ^n J{Q C ) L )) - 
dim(Q). Finally, dim(V) = dim(V) - 2dim(Q). □ 

A generalized almost complex structure on a manifold M is an orthog- 
onal bundle map J: TM © T*M -> TM © T*M so that J 2 = -1. More- 
over, J is a generalized complex structure if the \/— T eigenbundle of J , 
L c TcM © TJM, is closed under the Courant bracket. The type of J at 
m G M is the type of the restricted generalized complex structure on T m M. 

We now introduce several standard examples, as described in |Gua04|. 

Example 3.3. (|GulQl) 

a) Let (M, a>) be a symplectic manifold. Then 



is a generalized complex structure of type 0; the v^T eigenspace 
of J to isL cu = {X- V^Tixcu |X€ V c }. 
b) Let (M, J) be a 2n dimensional complex manifold. Then 



is a generalized complex structure of type n; the y— T eigenspace 



of J] is Lj = To,i © 1\ , where T| o is the v^T eigenbundle of J. 
c) Let (Mi , J{\ and (M2, J2) be generalized complex manifolds. Then 



type(J) =type( l 7). 
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is a generalized complex structure on Mi x M2, and 
type^ x J 2 ) 

(mi ,m.2 ) 

= type(J 1 ) mi +type(J 2 ) m 2 - 

d) Let B be a closed two-form on a manifold M, and consider the or- 
thogonal bundle map TM © T*M — > TM © T*M defined by 



where B is regarded as a skew-symmetric map from TM to T*M. 
This map preserves the Courant bracket (see |Gua04|.) As a sim- 
ple consequence, if J" is a generalized complex structure on M, 
then J' = e B l 7e _B is another generalized complex structure on M, 
called the B-transform of J . Moreover, the v 7 — T eigenbundle of 
J' is e B (L), so J and J' have the same type. Finally, we say that 
J' is an exact B-transform if B is exact. 

Definition 3.4. Let a compact hie group G with Lie algebra g act on a manifold 
M, preserving a generalized complex structure J. Let L c TcM © T^M denote 
the v 7 — T eigenbundle of J. A generalized moment map is a smooth function 
|x: M — > gc so that 



• £,m — v— T d|o.^ lies in L for all £, e g, where £,m denotes the induced 
vector field on M. 

• \i is equivariant. 

The generalized moment map \i is real if \i = \L The action is Hamiltonian if a 

generalized moment moment map exists. 

We are now ready to compute generalized moment maps for our basic 
examples in Example l3.3l 

Example 3.5. 

a) Let G acts on a symplectic manifold (M, a>) and let O: M — > g* 
be a moment map, that is O is equivariant and lm^ = dO^ for all 
£, G g. Then G also preserves J w , and O is also a (real) generalized 
moment map for this action. 

b) If G acts on a complex manifold (M, J), preserving J, then G also 
preserves the associated generalized complex structure J]. How- 
ever, the action is never Hamiltonian because 7t(Lj) contains no real 
vectors. 

c) If G acts on generalized complex manifolds (Mi, J-\] and (M2, Ji) 
with generalized moment maps m and then the diagonal action 
of G on the product manifold Mi x M2 preserves the generalized 
complex structure J\ x J2, and \i = + \i2'- Mi x M2 — > gc is a 
generalized moment map for this action. 

d) Let G act on a generalized complex manifold (M )t 7) with gen- 
eralized moment map (j.: M — > 0* . Let B e Q 2 (M) be closed 
and invariant, and let (D : M — > g* be an equivariant map so that 
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i£ M B = d®^ for all L, G g. Then G also preserves the B-transform 
J' of i7, and (j. + v 7 — T O is a generalized moment map for this ac- 
tion. 

When the action is free, we can always perform an exact B-transform so 
that the generalized moment map is real. 

Lemma 3.6. Let a compact Lie group G act freely on a generalized complex mani- 
fold (M, J) with generalized moment map \i = f+v 7 — Th: M — > g£, where f and 
hare real. Given a connection 9 e &{M,g), let B = d(9, h) e Q 2 (M;M). Tfre 
B-transform of J is an invariant generalized complex structure J' with real gen- 
eralized moment map f. Here, (9, h) e O^MjM) is obtained using the natural 
pairing on q and q*. 

Proof. Since 9 and h are both equivariant, (6, h) is invariant. Since B closed 
and invariant, J' an invariant generalized complex structure. Since 9 is 
a connection and (6,h) is invariant, i£, M B = L^ M d(9,h) = — d(L^ M 9,h) = 
— dhA The result now follows as in the example above. □ 

As shown in the next lemma, we get the second condition in the defini- 
tion of generalized moment map for free in the case of a torus action. 

Lemma 3.7. Let a compact torus T with Lie algebra t act on a manifold M, pre- 
serving a generalized complex structure J. Any function \i: M — > t£ which 
satisfies the first criterion of Definition ^. 4\ is a generalized moment map. 

Proof. Fix £, and r\ in t. Since L is isotropic, 

o = ^M-v / -Td^,Ti M -V=Td^ = -V=T (^ M d^ + LllM d^) . 

Since T is abelian, [£,m>1m] = 0. Since d|x is closed, L^&yF = di^dix 11 
and L^ d^ = di^ dpA Therefore, 

[E,m ~ v^T d^, Tim - v 7 ^ dyp] 

= Km,tim] - V-fL^d^ + v / ^TL r , M d|x £ '+ ^^(di^dix 11 - dL r , M d|x £ ') 
= - V = Tdi£ M dn.' n . 

Since L is closed under Courant bracket, this implies that di£ M dia. 11 G L. 

Fix any orbit O of the torus action. Since L is isotropic, the fact that 
di£, M dyP lies in L implies that it vanishes on O, and so d\i n is constant 
on O. Since O is compact, this implies that dyP vanishes on O Hence, \i n 
is invariant under the subgroup generated by and so \i is T-invariant. □ 

Let a compact Lie group G act on a generalized complex manifold (M, J") 
with generalized moment map \i = f + yf— \ h, where f and h are real. Let 
O a be the co-adjoint orbit through a € Q* . Since f is equivariant, G acts on 
f- 1 [O a ). Moreover, if G acts freely on f" 1 [O a ), then since J{d^) = -£ M - 



8 



dh^ for all £, G q, O a consists of regular values of f and the generalized 
complex quotient 

M a = r\O a )/G 

is a manifold. 

Lemma 3.8. Let a compact Lie group G act on a generalized complex manifold 
(M, J) with a real generalized moment map f: M — > g£. Let O a be the co- 
adjoint orbit through a & q*. IfG acts freely on f _1 {O a ), the generalized complex 
quotient M a inherits a natural generalized complex structure J. 
Moreover, for all m G f _1 {O a ), 

type(J)[ m ] =type(J) m . 

Proof. First, assume that a = 0. 

By restricting to a neighborhood of f _1 (0), we may assume that G acts 
freely, and that hence f is a submersion. By the definition of generalized 
moment map, J{£,m) = &f ror all £, £ 0, so J{qm) — df. Therefore, 
0m © df is a ^-invariant subbundle of TM © T*M. Since G acts on f _1 (0), 
0M © df is also isotropic when restricted to f _1 (0). As in the discussion 
preceding Lemma l3~2l J naturally induces a G equivariant orthogonal map 
with square —1 on the G -invariant vector bundle 

(AM® df)|^_ 1(o) /(0 M ® df)| f -i {0) . 

Let J: TM © T*M -> TM © T*M be the induced generalized almost 
complex structure on Mo- 

Let L c T C M © T^M and L C T C M © T^Mo be the eigenbundles of 
J and J , respectively. By the definition of generalized complex structure, 
L is closed under the Courant bracket. By Lemma I27T1 the image of L n df -1 
in Tc(f _1 (0)) © T^(f _1 (0)) is also closed under the Courant bracket. Since 
L n df- 1 - = L n (jm © df J- 1 , by Lemma I2I2IL, which is its image in T C M © 
T^Mo, is also closed. 

The last statement is a direct consequence of Lemma l3~2l 

This proves the case a = 0. 

For a / 0, let cu be the Kirrilov-Kostant symplectic form on the co-adjoint 
orbit 0- a and let J w be the induced generalized complex structure. Then 
[0- a , Jw) is a generalized complex manifold of type 0, and inclusion is a 
generalized moment map for the co-adjoint G action. Hence, (M x 0_ Q , J x 
J w ) is a generalized complex manifold, type (J" x Jcu)( m ,b) = typed/)™, 
and \x a {x,v) = \x[x) — v is a generalized moment map for the diagonal 
action of G on M x 0- a . Since it is easy to see that M a can be identified 
with (0)/ G, the result follows from the case a = 0. □ 

We now find the generalized complex quotients for our basic examples 
from Example l3.3l and l3.5l 

Example 3.9. 
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a) The generalized complex quotient of the Hamiltonian generalized 
complex manifold associated to a Hamiltonian symplectic mani- 
fold is the generalized complex manifold associated to the sym- 
plectic quotient. 

b) Since there is no generalized moment map in the complex case, 
there is no generalized complex quotient. 

c) As in the symplectic case, the generalized complex quotient for the 
diagonal action on the product of two generalized complex mani- 
folds is not the product of the quotients. 

d) Let a compact Lie group G act on a generalized complex manifold 
(M, J) with a real generalized moment map f : M — > g£. Let J' be 
the B-transform of J , where B G C1 Z (M) is closed, invariant and 
satisfies i£, M B = for all £, G g. Then B descends to a closed two- 
form B on M Q = f _1 (O a )/G for any regular a G g*. The general- 
ized complex structure J' for the generalized complex quotient of 
(M, J' , |x) at a is the B transform of the generalized complex quo- 
tient J of (M, J, \i) at a. Moreover, if B = dy, where y G O 1 (M) 
is closed, invariant and satisfies Lf, M y for all L, G g, then then y de- 
scends to a one-form y on M Q ^so that dy = B. Hence, in this case, 
J' is an exact B-transform of J . 

Our first main result is now very easy to prove. 
Proposition 3.10. Let a corn-pact Lie group G act on a generalized complex man- 



ifold (M,^) with generalized moment map \i = f + ^/^Tg: M — > where f 
and g are real. Let O a be the co-adjoint orbit through a G g*. If G acts freely 
on f _1 (O a ), the generalized complex quotient M Q inherits a generalized com- 
plex structure J , which is natural up to an exact B-transform. Moreover, for all 



Proof. By restricting to a neighborhood of f (0 a ), we may assume that G 
acts freely. Choose a connection 9 G O 1 (M, g), and let B = d(h, 9). Then by 
Lemma 13.61 the B-transform J' of J is an invariant generalized complex 
structure with real moment map f . Hence, by Lemma |3~H1 J' descends to a 
natural generalized complex structure J on M Q . 

If we choose a different connection 9 G O 1 (M, g) the resulting general- 
ized complex structure J' is the dy transform of J' , where y = (9' — 9, h). 
Since y is invariant and i£, M y = for all f, G g, the resulting generalized 
complex quotient will be an exact B-transform of J . (See the last part of 
Examplelll) □ 

4. Generalized Kahler structure 

A generalized Kahler structure on a vector space V consists of an or- 
dered pair [J^ , J2) of commuting generalized complex structures on V so 



[Oa), 



type(J") [m ] =type( l 7) m . 
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that G = -JiJz'- V V* -> V © V* is a positive definite metric, by which 
we mean that G 2 = 1, G is orthogonal, and (G(w),w) > for all non-zero 
w e V © V* . Note that the first two conditions are automatically satisfied. 
We will need the following lemma: 

Lemma 4.1. Let V be a vector space and let W = V © V*. Let G : W — > W be a 
positive definite metric. Given an isotropic subspace P, define 

W=P i nG(P) 1 cW and W = P ± /P. 

The natural projection induces an isomorphism 

(4.1) W <-» W. 

Proof. For all non-zero w G P, (w, G(w)) > 0. Therefore, G(P)^ n P = 
P 1 n G(P) = {0}. Since P is isotropic, this implies that PnG(P) = {0}, and 
hence dim( W) = dim W — 2 dim P. It also implies that the projection above 
is an injection; the result now follows by a dimension count. □ 

Let [J\ , Jz) be a generalized Kahler structure on a vector space V, and 
let G = -JyJz- If P C W = V © V* is any Ji invariant subspace, then by 
since Ji G = G Ji, P © G (P) is Ji and J 2 invariant and so we can define the 
restrictions J\ of Ji to W = Wn ? L n G(P) X . Clearly, J, and J 2 are orthog- 
onal and commute, jf = J 2 2 = — 1, and G = — Ji Ji is a positive definite 
metric on W. If P is also isotropic, then under the isomorphism <4.H the Ji 
induce maps Ji\ W — > W satisfying the analogous conditions. Moreover, 
if Li is the v 7 — T eigenspace of J\, then Lt n W is the eigenspace of Ji, 
and the v— T eigenspace of Jt is its image under the isomorphism j4.H . As 
in the previous section, ifP = (PnV)ffi(PnV*) then {Jy , J 2 ) is a natural 
generalized Kahler structure on V = (P n V*) / (P n V). It is easy to check 
that Ji is the natural complex structure on V defined in the beginning of 
the previous section. 

Lemma 4.2. Let {Ji,Jz) be a generalized Kahler structure on a vector space V. 
Consider Q c V so that Ji{Q) C V* and P = Q © J-[{Q) C V © V* is isotropic. 
Let [ J\ , Jz) be the natural Kahler strucutre onV = J-\[Q)°/Q. Then 

type( Ji ) = type(J! ) and 
type(J 2 ) =type(J2) -dim(Q) +2dim(Qc n7t(L 2 )). 

Proof. The first claim was proved in Lemma 13^21 

We now turn to the second claim. Let L 2 and L 2 denote the \/— T eigenspaces 
of J 2 and Jz respectively; let it: V c © -> V c and tc: V c © -> Vc be 
the natural projections. 

Since P is Jy invariant, G(P) = Jz{?), so J 2 {?) n P = {0}. Moreover, 
by assumption, 7t(Pc) = 7t(Qc) an d dim(P) = 2dim(Q). Therefore, by 
Lemma 1311 dim(7t(L 2 nPin Jz{^c) X )) = dim(7t(L 2 + P c )) - dim(P) = 
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dim(7T(L 2 ) + Qc) - 2dim(Q) = dim(7r(L 2 )) - dim(Q) - dim(Q c n tc(L 2 )). 
Moreover, 7t(L 2 ) is the projection of 7T(L 2 nP^n l 7 2 (Pc)" L ) C Ji (Qc)° to V c = 
i7i(Qc)°/Qc/ which reduces the dimension by a further dim(7t(L 2 ) n Qc). 
Finally, dim(V) = dim(V) - 2dim(Q). 

□ 

A generalized Kahler structure on a manifold M is a pair of commuting 
generalized complex structures J-\ and Jx on M so that G = —J\Jz is a 
positive definite metric on TM © T*M. 

Again, we turn to |Gua04| for our basic examples. 

Example 4.3. IGua04l 

a) Let (to, J) be a genuine Kahler structure on a manifold M, that 
is, a symplectic structure w and a complex structure J which are 
compatible, which means that g = — tuj is a Riemannian metric. 
By Example 13.31 cu and J induce generalized complex structures 
Jo, and J), respectively. Moreover, it is easy to see that J] and J w 
commute, and that 

'0 g- r 



(4.2) G = -J w Jj 
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is a positive definite metric on TM © T*M. Hence [J W ,J]) is a 
generalized Kahler structure on M. 
b) Let (M, Jmj , Jm.,2) and (N , Jn j , Ju,z) be generalized Kahler man- 
ifolds, and define 

Then (M x N , J-\ , J-£\ is a generalized Kahler manifold. 

Definition 4.4. Let the compact Lie group G with Lie algebra g act on a manifold 
M. A generalized moment map for an invariant generalized Kahler structure 
[ J\ , Ji) is a generalized moment map for the generalized complex structure Jy. 
{See Definition ^. 4\ ) 

As before, let a compact Le group G act on a generalized Kahler manifold 
with generalized moment map \x = f + \J—\ h, where f and h are real. Let 
O a be the coadjoint orbit through a G q*. If G acts freely on f _1 [O a ) then 
the generalized Kahler quotient 

M Q = f- 1 (O a )/G 

is a manifold. 
Example 4.5. 

a) If a compact Lie group G acts on a Kahler manifold (M, J, co) with 
moment map O, then O is the generalized moment map for the G 
action on (M, Jj, J w ). 
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b) If a compact Lie group G acts on two generalized Kahler manifold 
(M.J^, J 2 M ) and (N, J"! N , J 2 N ) with moment maps yi N and u N , 
then \i M + |j. N is a generalized moment map for the diagonal G 
action on ( M x N , J™ x Jf* , J™ x J™ ) . 

We can now state our second main proposition: 

Proposition 4.6. Let a compact connected Lie group G act on a generalized Kahler 
manifold (M, J\, Jz) with generalized moment map \i = f + T H: M — > g£. 
Lei O a fee f/ze co-adjoint orbit through a G 3*. if G acts freely on f _1 (0 a ), £/zen £/ze 
sub-quotient M a = f _1 (0 Q )/G naturally inherits a generalized Kahler structure 

lA,Ji). 

Moreover, let t be the Lie algebra of the stabilizer K of a, and let L 2 fee yf— T 
eigenbundle of J 2 . Then for all m G M, 

type( Ji ) [ m ] = typeUi ) m , and 

typef^tm] =type(J2)m- 2 dimG - ^ dim(K) + 2dim(t M n 7t(L 2 )) m . 

Proof. As before, we begin by assuming that a = 0. 

By restricting to a neighborhood of f _1 (0), we may assume that G acts 
freely. By definition, G = — J-\ J2 defines a connection 9 G O 1 (M, g*) given 
by 9^ = grg^i^ ] for all £, G g. By Lemma 13761 after apply an exact B = 
d(h, 9) transform, we may assume that h = 0. 

As in the proof of Proposition 13.81 by the definition of generalized mo- 
ment map 0m © df is a J\ invariant subbundle, and [qm © df)| f -i r i is 

isotropic. Define W = (g M © df)- 1 n G(g M © df)- 1 C TM © T*M, and let 
J-\ and J2 be the restriction of J-\ and J2 to W. Let {J-\,Ji)be generalized 
almost Kahler structure on Mo induced by J-\ and J2 under the restriction 
to f" 1 (0), isomorphism from W| f -i (0) to (g M © df)||_, (0) /(flM © df)| f -i (0) , 
and the quotient map from f _1 (0) to Mq. 

In Lemma I5~8l we checked that J-\ is a generalized complex structure. 

Let L 2 c TM C © T^M, L 2 c W c = W © C, and L 2 c T C M © T£M 
be \/— T eigenbundles of ,7 2 , i7 2 , and ,7 2 , respectively. Since is a g en " 
eralized complex structure, L 2 is closed under the Courant bracket. Since 
G = -J\Jz, and Jt^m) = df, G(g M ) = J 2 (df) and G(df) = J 2 (Qm)- 
Therefore L 2 = L 2 nW c = Ung^ndf- 1 . Therefore, by Lemmasl2~Tlandl2~2l 
L 2 is also closed under the Courant bracket. Moreover, since L 2 is the image 
of L 2 under the natural restriction and quotient maps, it is also closed under 
Courant bracket by the same lemmas. Therefore, (J7i , J2) is a generalized 
Kahler structure. 

The formulas on types follow directly from Lemma l4!2l 
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This proves the case a = 0. For a / 0, as in Lemma I5~H1 let cu be the 
Kirrilov-Kostant symplectic form on O—a, and let J be the natural invari- 
ant complex structure which is compatible with cu. Let [J' W ,>J]) be the 
induced generalized Kahler structure on O a ; it has type (0, 2dim(0_ a )) 
and inclusion is a generalized moment map for the co-adjoint G action on 
0_q. Hence (M x 0_ a , Ji x J w , J 2 x Jj) is a generalized Kahler manifold, 
type^ x J7tu)(m,b] = typefJOm and type(J2 x Jj)( m>b ) = type{J 2 ) m + 
j dim(O a ) for all m £ M, and \i a [x,v) = \i{x) — v is a generalized moment 
map for the diagonal action of G on M x 0- a . Finally, it is easy to check 
that the intersection of gjvix o_ a with the projection of the a/— T eigenbundle 
of J% x Jj to Tc(M x 0_ a ) is isomorphic to {?m H 7r(L 2 ). Since M a can be 
identified with ij.^ 1 (0)/G, the result follows from case that a = 0. □ 

Example 4.7. The generalized Kahler quotient of the Hamiltonian general- 
ized Kahler manifold associated to a Hamiltonian Kahler manifold is the 
generalized Kahler manifold associated to the Kahler quotient. 

Example 4.8. Let (M, g, I, J,K) be a hyper Kahler structure, and let cui, tuj 
and o>k be the Kahler two forms that correspond to the complex structure 
I, J and K respectively. As shown in | Gua04 [, we can construct a generalized 
Kahler structure [J\ , Jx) as follows: 

(4.3) = 



(4.4) J 2 







v CUl + CUj 

Suppose there is a S 1 action on M with the fundamental vector field X 
such that lxcui = d|ai,ixcuj = d|Xj, and lxcuk = d|a.K for some smooth 
functions llk, and M-j. Set f = — llj. Then 



Jidf 



(4.5) 





Thus f + v 7 — T llk is a generalized moment map for the circle action on the 
generalized Kahler manifold (M, J 1( J 2 ). Let = let B = -d(n K 0), 
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and let J( be the B-transform of J\. Then [J{,Jz) is a generalized Kahler 
structure which satisfies ^7/df = X on the level set f _1 (0). Assume that S 1 
acts freely on f _1 (0). Proposition 14.61 then asserts that there is a reduced 
generalized Kahler structure ( Ji , J2) on the quotient Mo = f _1 ( ) /S 1 . 
Assume in addition that is a regular value for the map 

H=(Hl,Hj,fi K ) : M — > R © R © R. 

Then the hyper-Kahler quotient S := (nf^O) n p.^ 1 (0) n M- K 1 (0)) /S 1 is a 
codimension two sub-manifold sitting inside Mo- We have a natural inclu- 
sion map i : S — > Mo- 

Let (jf , jf ) be the generalized Kahler structure on S induced by the quo- 
tient hyper-Kahler structure on S. Let L? be the v 7 — T eigenbundle of jf, 
and let Lt be the v 7 — T eigenbundle of Ji, i = 1 , 2. Then we have that 
Js = {x + i*« I X + a G Li n (T C S © T<£M )}, i = 1 ,2. The submanifolds 
of a generalized complex manifold is studied extensively in |BB03|. Us- 
ing their terminology, we see that (S, ]f) is exactly a generalized complex 
submanifold of (Mo, Ji). 

5. Constructing bi-Hermitian structures 

In this section we are going to present a simple explicit constructions of 
bi-Hermitian structure on CP N , Hirzebruch surfaces, CP 2 blown up at an 
arbitrary number of points, and complex Grassmannians. 

We will do this by constructing non-standard generalized Kahler struc- 
tures on these spaces. Since each of these manifolds can be expressed as a 
symplectic quotient of C n , we start with the standard Kahler structure on 
C n . Using the deformation theory for generalized complex structures de- 
veloped in I Gua04 1, we deform this to another invariant generalized Kahler 
structure. These techniques are particularly easy and explicit in this very 
simple example; we do not need to resort to any global analysis. Then 
we use the quotient construction we developed in Section |4] to construct 
a generalized Kahler structure on the quotient space which is not the B- 
transform of a genuine Kahler structure, although in each case the first 
generalized complex structure is the one induced from the standard sym- 
plectic structure. By the connection between generalized Kahler structures 
and bi-Hermitian structures which was established by Gualtieri |Gua04|, 
and which we explain below, this induces a bi-Hermitian structure on each 
manifold. 

5.1. Review. We begin with a brief review; all the material in this subsec- 
tion, with the exception of material specifically attributed to other authors, 
was taken from |Gua04|. 

Definition 5.1. (| AGG99 1) A bi-Hermitian structure on a manifold M is a triple 
(9) 1+) I-)/ ivhere g is a Riemannian metric and J + and J_ are complex structures 
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which are orthogonal (with respect to g), induce the same orientation, and satisfy 
Ji(x) 7^ ±J 2 (x) for some x G M. 

Given a generalized Kahler manifold (M, J\ , J%\, let G = — J\Jz be the 
associated positive definite metric. Recall that G 2 = 1, and let C+ denote 
the +1 eigenspace of G. Since C + C TM © T*M is positive definite and 
T*M is isotropic, the natural projection 7t: C + — > TM is an isomorphism. 
Therefore, (■, •) descends to a Reimannian metric g on M. Since J\ and Ji 
commute with G, they both preserve C + . Therefore, J-\ and Jz descend 
to almost complex structures J + and J_ on M which are orthogonal (with 
respect to g). Combining Proposition 6.15 with Remarks 6.13 and 6.14 in 
|Gua04| we see, (after possibly replacing J_ by — J_) 

Proposition 5.2. |Gua04 1 Given a generalized Kahler manifold (M, Jy , Jz), the 
above construction defines a bi-Hermitian structure (g, J+, J_) on M exactly if 

(i) the generalized Kahler structure is not the ^-transform of a genuine Kahler 
structure on M; 

(ii) At least one of the Ji has even type. 

Note that, in fact, if dim M = 4k, then either both J-\ and Jz have odd 
type, or they both have even type. In contrast, if dim M = 4k + 2, then one 
must always have odd type whereas the other has even type; therefore, the 
second condition is empty. 

Let J be a generalized complex structure on a vector space V. Let L c 
Vc © V£ be the a/— T eigenspace of J. Since L is maximal isotropic and 
L n L = {0}, we can (and will) use the metric to identify L* with L. 

Given e G A 2 L*, define 



Then L e is maximal isotropic, and L e n L e = {0} if and only if the endomor- 
phism 



is invertible. If it is invertible, there exists a unique generalized complex 
structure J e on V whose a/— T eigenspace is L e . Note that A e is always 
invertible for e sufficiently small. 

Now let [J\,Jz\ be a generalized Kahler structure on V. Let I_i and 



1-2 denote the v^T eigenspaces of J\ and Jz, respectively. Then Li = 
(Li n L 2 ) © (Li n Li) and L 2 = (Li n L 2 ) © (LTn L 2 j. Thus e e C°°(A 2 Li) 
fixes J\ if and only if e takes L) n L 2 to Li n L 2 , i.e., if and only if e is an 
element of C°° ((ITnli) © (Li nil)). 

We are now ready to state the condition for L e to be closed under the 
Courant bracket, as proved in | LWP97 1, following the presentation in | Gua04 1 



L e = 



{Y + L Y e | Y G L}. 



(5.1) 
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We begin with two definitions. Although both can be defined more gen- 
erally for any Lie algebroid, we will only state them for the case which 
interests us. 

Definition 5.3. Let L c TcM © T^M be an isotropic subbundle which is closed 
under the Courant bracket and let n: L — > TcM denote the natural projection. The 
Schouten bracket is the M.-bilinear map 

[-,•]: C°°(A P L) x C°°(A q L) -» C 0C (A p+q - 1 L) 
which is characterized by the following two formulas: 

PdA- • -AX P , YiA- • -AYq] = ^(-l) i+j [Xi, Y^AXtA- • -AXVV • -AYjA- • -AY q 

for any Xt and Yj in C°° (L), and 

[Y,f] =-[f,Y] =7t(Y)f 
for any Y G C°°(L)fln£ff G C°°(M). 

Definition 5.4. Lef L c TcM © T^M be an isotropic subbundle which is closed 
under the Courant bracket and let n: L — > TcM denote the natural projection. 
The Lie algebroid derivative is a first order linear differential operator from 
C°°(A*L) to C°°(A* +1 L) defined by 

difffXo,--- ,X k ) =^(-1) i 7t(Xi)(T(Xo,--- ,Xi,--- ,X k ) 

(5.2) J_ ^ 

+ ^(-1) 1+, o-([X i) X j ],X 0) --- ,X i( --- ,Xj,-- - ,X k ), 

wfere cr G C°°(A k L*) and X t G C°°(L). 

Example 5.5. Lf L is the \f— T eigenspace of the generalized complex struc- 
ture i7j associated to a complex structure J, then di_ is 9. 

We will need the following special case of the theorem from |LWP97|. 

Theorem 5.6. Let L c TcM © T^M be a maximal isotropic subbundle so that 
L n L = {0} which is closed under the Courant bracket. For any e G A 2 L, 

L e = {Y + L Y e | Y G L} 

is closed under Courant bracket if and only if e satisfies the Maurer-Cartan equa- 
tion: 

di_e + ^[e, e] = 0. 
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5.2. Examples. Now we are ready to turn to specific examples. 

Example 5.7. Structures on C n 

We will begin by deforming the generalized Kahler structure {J w ,J-\) 
on C N which is induced by the standard genuine Kahler structure (co, J). 
(See Example 14.31 . Note that while our ideas for deforming this structure 
are taken entirely from IGua0 4 [, and we use many of his observations, the 
deformation is much easier and more explicit in this very simple case than 
in general. In particular, while we use many observations from that paper, 
our construction does not rely on any of the deeper theorems. 

Since 



L,nL 2 = {Y-V-1 iyw | YGT 1)0 (M)}andL 1 nL 2 = {Z+v / -l i z tu |ZeT 1)0 (M)}, 
for any global sections Y and Z of Ti o(M) 

e = Y A Z + Lycu A i^cu 

= ^(Y-V-rL Y cu)A(Z + v^TLzcu)-l(Z-v^TLzcu)A(Y+v^TL Y tu) 

liesinC°°((LTnIi) ® (tTnL 2 )). 

If we restrict to any open bounded subset U of C n , then after multi- 
plying e by a sufficiently small positive number, A e will be invertible. 
Thus e deforms Jj to a new generalized complex structure J e on U while 
keeping J w fixed. Moreover, 7t(L e ) is spanned by TioC n , Y, and Z. Thus, 
type(j7e)z = n — 2 wherever YAZ/0, and u at every other point. 

Finally, the following lemma gives a simple condition which guarantees 
that L e is closed under the Courant bracket, and hence that {J w ,Je} is a 
generalized Kahler structure. 

Lemma 5.8. Assume that there exists a subset I c (1 , . . . , n) so that 

3 3 

yei x ' yei 

3T~ 

If Fy is holomorphic and — - = Ofor all i, j and k e I, then L e is closed under the 

0Z k 

Courant bracket. 

Proof. Since the Lie algebroid derivative d]_j is 3 and F(z) is holomorphic, 
dL, e = 0. Hence, by Theorem l5.61 the deformed generalized almost Kahler 
structure will be a generalized Kahler structure exactly if [e, e] = 0. This 
follows from the calculation below: 

3 3 

hjiz)— A _ F kl (z)^ A ^- 



OZi OZj 0Z k OZ\ 

L^A— A— +F V f-^H- 
3z k 3zi 3zt 3z k J 3zt 3zj X) \ 3zt 3z, 3zj 3zt J 3z k 3zt 



_ / 3Ftj 3 8F« 3 \ 3 3 _ / 9F kl 3 3F kl 3 \ A 3 A 3 



18 



Similarly, 

3 3 
hj [z) ^— A — , F kl dz^ A dzl 
ozi 3zj 

fdTvr 3 3F kl 3 \ 

= hi -r^^r- A dz^ A dzl = 

\ 3zj 3zi 3zi 3zj/ 

Finally, 

[Ftj dzl A dzj, F^dzk A dz{] = 0. 

□ 

Suppose that a compact Lie group G acts on (C n , w, J) with proper mo- 
ment map (D : C n — > g*. Consider a £ g* so that G acts freely on ® 1 (C Q ); 
let M a = O -1 (O a ) denote the symplectic quotient. 

Assume that there exists a subset I C ( 1 , . . . , n) so that 




Moreover, assume that Fy is holomorphic and — — = for all i, j and k in 

3z k 

I. Since O a is bounded, by multiplying e by a sufficiently small constant 
we may assume that A e is invertible on O a . Then, applying Lemma 15,81 
[Jw) Je) is an invariant generalized Kahler structure with generalized mo- 
ment map O. Hence, by Proposition 14.61 there is a natural generalized 
Kahler Structure {Juj,Je) on the symplectic quotient M a . Moreover, J w 
has type 0; in fact, it is the generalized complex structure associated to 
the usual symplectic structure on M a . Hence, condition (ii) of Proposi- 
tion 152] is automatically satisfied. So, by Proposition 15.21 {J w ,J e ) will 
induce a bi-Hermitian structure on the reduced space as long as it is not 
the B-transform of a genuine Kahler structure. To check this, it is enough 
to check that type(j7e)[ z ] / -jdimMa for at least some [z] e M a . Since 
type(,7 e ) z < N for generic z e C n , by Proposition l4.6l it is enough to check 
that 6c n n 7t(L e ) = {0} at generic points. 

Example 5.9. (CP N for N > 2) 

We now construct a bi-Hermitian structure on CP N for N > 2. 
LetS 1 act on C N+1 via 

A • (z , . . . ,z N ) = (Az , . . . , Az N ). 

Note that this action preserves the Kahler structure (tu, J). Moreover, 

(D(z) = ^l|z i | 2 

i 

is a moment map, S 1 acts freely on and the reduced space Mi = 

O-HiVS 1 isCP N . 
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Let 

e = Zq— A h z^dz! A dz 2 . 

ozi 3z 2 

After multiplying e by a sufficiently small positive constant, A e is invert- 
ible, so e deforms [J W ,J]) to a new generalized almost Kahler structure 
[Juo, Je) on C N , so that type(Je) z = N + 1 if z = and is N - 1 other- 

wise. Since z^ is holomorphic and — - = — - = 0, by Lemma 15781 is in fact 

OZl OZ2 

[J tu, Je) is a generalize Kahler structure. 

Since e is S 1 invariant, [Jo,, Je) is also invariant. Hence, by Proposition 
14.61 there is a natural generalized Kahler structure {J w , Je) on the quotient 
space CP N = ©- 1 (1)/S 1 . 

Note that fundamental vector generated by the action is 

i 

and that X does not lie in 7r(L e ) at any point of C N+1 , where L e is the 
V 7 — T eigenbundle of J e . It follows immediately from Proposition [46] that 
type(Ju,)[ z ] = for all [z] G CP N , whereas type(J e ) w = N if z = 0, 
otherwise type(j7e)[ z ] = N — 2. By Proposition 15.21 [J w , Je) gives us a bi- 
Hermitian structure on CP N . 

In the case of N =2, the above construction actually gives us a SU(2)- 
invariant bi-Hermitian structure. Note that the standard action of SU(2) 
on C 2 can be extended to C 3 by letting SU(2) act on the first component 
trivially. This SU(2) action commutes with the standard S 1 action on C 3 
and therefore descends to a SU(2) action on CP . Since both uo and e are 
SU (2) -invariant, the deformed generalized Kahler pair [J w ,J e ) is SU(2)- 
invariant as well. Since the SU(2) action on C 3 commutes with the standard 
S 1 action, we conclude that the quotient generalized Kahler structure must 
be SU(2)-invariant. 

Example 5.10. Toric varieties 

We will now construct bi-Hermitian structures on many, but not all, toric 
varieties, including all Hirzebruch surfaces and the blow up of CP 2 at arbi- 
trarily many points. 

Let an n dimensional torus T with Lie algebra t act on a compact sym- 
plectic manifold (M, iv) with moment map ¥: : M. — > t*. Let A c t* be the 
moment poly tope. Let r|i , . . . ,t|n G t be the primitive outward normals to 
the facets of A. Define p : M N — > t by p(e-j.) = r\i. Let K be the kernel of the 
associated map from (S 1 ) N to t. Let K act on C N via its inclusion into [S ) N ; 
let O : C N — > t* denote the resulting moment map. There exists some £, G t* 
so that K acts freely on O -1 (Q and M is equivariantly symplectomorphic 
to the reduced space 

M t = «D- 1 (t)/K. 
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Now assume that there exists <x G t* so that a(r|i) = ol{t\z) — ~ h but 
a(r|t) > for all other i. Note that this condition is not satisfied for all 
toric symplectic manifolds, even in two dimensions. For example, it is not 
satisfied for CP 1 x CP 1 blown up at the four fixed points. On the other 
hand, it is satisfied in many cases, including Hirzebruch surfaces and CP 2 
blown up at an arbitrary number of points as long as one picks those points 
carefully, for example, blow up in a sequence of points so that each point 
lies on [0,Zi,Z2]. 

Since <x(r\i) > for all i > 3, we may define 



IK 

,i>3 



aim] 



— A — + 
dz-\ 3z2 



n 

i>3 



Mm) 



dzi A dz2. 



After multiplying e by a sufficiently small positve constant, A e is invert- 
ible, so e deforms [J W ,J]) to a new generalized almost Kahler structure 
( Ja>, Je) on C N so that type( J e ) z = N -2 if z j / for all j so that a(m) > 0, 
and otherwise is equal to N. Since = rii>3 z i * s holomorphic and an- 

nihilated by - — and - — , by Lemma l5~8l (Jw, Je) is a generalized Kahler 

OZl OZ2 

structure. By construction, e is K-invariant, so [Jw, Je) descends to a gen- 
eralized Kahler structure [J w ,Je) on the reduced space M^. Finally, for 
any (3 G I, let Pi denote the i'th coordinate of its natural inclusion into M N . 
Then 



(3 



L 



-i 3i 



1 3zi 3zt 



Since our assumptions rule out rji = — T|2, (3i / for some i which is not 1 
or 2. Hence, |3 c n 7t(L e ). Thus, we get a bi-Hermitian structure. 



Example 5.11. Grassmannians 

Consider the natural action of G 
moment map O : M — > g* given by 



U(n) on M = C T 



: m with the 



(5.3) 



<D(z) 



L 

3=1 



/ ^ 1 Zj 1 Zj]Zj2 

yZj n Zji Zj n Zj2 



Here, we have labeled the coordinates zi i . . . , zi^, . . . , z m i , . . . , z^^ and 
identified g* with n x n matrices A such that A = A . Let 0\ be the coadjoint 
orbit containing the identity matrix I. Note that G acts freely on O -1 [0\], 
and furthermore that the reduced space (D -1 [0\)/G is the Grassmannian of 
n planes in C m . 
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Of course, Zi,iZa,i isli(n) invariant. For the same reason, 22 [Li z i.,ldZi,2 
and Zi,i dzt^ are U(n) invariant. Therefore, 

is also U(n) invariant. 

After multiplying e by a sufficiently small positive constant A e is invert- 
ible, so it deforms [Juj,J]) to a new generalized almost Kahler structure 
[Jw, Je) so that type(i7e)z = tuti — 2 unless z^i = for all i, in which case 
it is um. By Lemma 15^51 [J M , J e ) is in fact a generalized Kahler structure. 

Moreover, it is easy to see that m n L e = {0}. Therefore, this gives rise to 
a bi-Hermitian structure on the Grassmannian. 
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